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420 Applications of integration (Chapter 17)

Opening problem

This graph shows the velocity of a Formula One race car 30,

. ; b velocity (ms™!
as it enters the pit lane. i )

Things to think about: 20
a For the first 10 seconds:
i how fast does the car move 10
|| how f.ar does the car travel ' time (s)
iii what is the area under the velocity graph? 09 10 0"

b In total, how far did the car travel in the pit lane?

¢ Suppose we are given the velocity function v(¢) of a moving object. How can we determine the
distance the object travels in a particular time interval?

In this Chapter we further explore the relationship between integration and area, and consider other
applications of integral calculus including kinematics.

'THE AREA UNDER A CURVE

We have already established in Chapter 16 that:

If f(x) is positive and continuous on the interval
a < z < b, then the area A bounded by y = f(z), the
z-axis, and the vertical lines * = a and z = b is given by

/ f(z)dx = F(b) — F(a), where F(x)= /f(z) dx. -~

Example 1 ) Self Tutor

Find the area of the region enclosed by y = 3z, the z-axis, z =0, and x =2 by using:

a a geometric argument b integration.

2
b Area_/ 3xdr
0

a
Area =1 x2x6
.2 = [2 2]2
= 6 units 2% 1o
=2(2)* - £(0)?
= 6 units?
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Example 2

%) Self Tutor

Find the shaded area.

EXERCISE 17A.1

1 Find each shaded area using:

3
Area = / (322 +2) dx
2

-2l
= (2746) — (8+4)

= 21 units?

I
9f

a geometric argument

AY

Ny

2 Find the shaded area:

4

¥

y=a2+2

Y

~—

“5 »
Y
Y4 y=a3-322+5

Y

il integration.

b c
T
b c
ol 5 .
0 In5 =
A\
e ALY f
y=vz
ol 1 i
A\
h i

r=-3 ¥
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422 Applications of integration (Chapter 17)

3 Which of the shaded regions is larger?

4 Find the area of the region bounded by:

a y=e>, thex-axis, =1, and z =4
b y=cosz, the z-axis, =0, and x= =

s
2
2 .
c y=r—0 the z-axis, * =2, and x =4
— X

d y=+/20—2x, the z-axis, x =4, and = = 11.
5 Find the shaded area:
a AY b AY

2 _
F(2) =16 2 flx)=—a"+bx—4

\
_ O
—
a8y
y
< [©)
~__|
-
1y

y=4—¢"

A

O T < 0 \ ;
Y v
6 The graph of y = sinZ shown has a maximum turning by
point at P, and cuts the z-axis at Q. p

y = sin

IR

a Find the coordinates of P and Q.
b Find the shaded area.

. O .
) N
v
7 Ay The graph of y = 23 —x shown has a maximum
y=a3—z turning point at P.
P a Find the coordinates of P.

b Find the shaded area.

[
\
< ©)

s8Y
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Applications of integration (Chapter 17)

8 In the graph of f(x) = QCos(x — %) + 3 shown, A is a
maximum turning point and B is a minimum turning point.
Find the area of:

a the blue region b the red region.

]Y

O
A\
d cos T 1
9 a Show that —( - ): —. A Y _r
dr \1—sinx 1—sinz rT=75
b Hence find the area bounded by the graph of y = - 1_
— six
and the z-axis, between x =0 and z = 7. L
-— v= 1—sinx _
N o) T
Y
2 )
10 a Show that 4 <:1:_) " .
dzx \ eT e’
b Hence find the shaded area.
X
P
11 Find £ such that:
a the shaded area is 4 units? b the shaded area is 7 units?.
AY \ Y
0 x = - 2 T
Y '
12 a Find the coordinates of: Ay
i A ii B
b Find the shaded area. . .
y=z+3 y=x2—6x+9

e o}

13
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The blue and red shaded areas are equal. Find k, giving your
answer in the form a + bv/2, where a, b € Q.
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14 Show that, for any point P on the curve y = 2

at P divides the shaded area in the ratio 1: 3.

, the tangent

X

THE AREA BETWEEN y = f(z) AND THE z-AXIS WHEN f(z) <0

In the graph alongside, the function y = f(x) lies below the 4
x-axis for a < x < b. The shaded area A; does not equal

b
/ f(z)dx, as this is only true if f(z) >0 on a < <b.
a

By reflecting y = f(z) in the z-axis, we generate the graph

¥

y=—f(x)

Y

of y = —f(xz). This graph is positive for a < x < b, and -
the area A, must equal A;.

b
Now AQZ/ (—f(x))dx.

A —/ab(—f(x))d:r——/abf(x)dx.

If a function y = f(x) lies below the z-axis for a < x < b, LY

then the area bounded by y = f(x), the z-axis, and the g
lines x =a and = =b is given by

A:—/abf(:c)d:c.

-—

Example 3

y=f(z)

%) Self Tutor

2
Calculate the shaded area. Area = — / (z* —
LY

= —(—24)

= 24 units®
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Applications of integration (Chapter 17) 425

EXERCISE 17A.2

1 Write an integral which could be used to calculate the Ay
shaded area. y=f(z)

A

2 Find the shaded area:

a
[
e AY f Ay
P — s [
-0 z T
D)
N R S
=smx—
Y 4 v\\
3 In the graph alongside, P is a minimum turning point. AY
a Find the coordinates of P. y="2uz—6z
b Find the shaded area. - >
5 >

\j
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Example 4

) Self Tutor

Find the total area of the regions bounded by f(x) = 423 — 1222 — 16z and the z-axis.

f(z) = 423 — 122 — 16z
= 4a(x? — 3z — 4)
=dz(x+1)(x —4)
y = f(z) cuts the z-axis at —1, 0, and 4.

Total area

= [334 — 4z — 83:2](11 — [334 —4z® — ng]é

(0—(=3))—(—128-0)
=34+128
= 131 units®

4 Consider the graph of y = 2sin2z shown.
a Find the coordinates of A and B.
b Find the total shaded area.

A
o
<l:CJ
@}
2
-3

y=a3—522+22 +8

6 State, in terms of the areas A; and A,
represented by:

a /Zf(m)dac

b /_;f(x)dm—/jf(x)dx

5
7 In the graph alongside, / f(z)dx = —3.
—4

a Which of A; or A, is larger?
answer.

5
b Given that / f(z)dz =8, find the total area
2

of the shaded region.

0 4
/ (4a® — 122% — 16x) dx — / (42® — 122% — 16x) dx
—1 0

Explain your

by

A

[©)
~
KY

I f(z) =423 — 1222 — 162

y=2sin2z

<

A
@)
AN

2Y

The graph of y = 2® — 522 + 2z + 8 is shown alongside.

Given that A has coordinates (—1, 0), find the
coordinates of B and C.

Find the total shaded area.

what is Yy

/H<
[\
2y

\y— f(z)
)
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Applications of integration (Chapter 17) 427

Discussion

b
Suppose / f(z)dx = 5. Discuss whether each of the following statements is definitely true, possibly
a

true, or definitely false.

e f(x) lies entirely above the z-axis over a < z < b.
<z <b.
e The total area between y = f(x) and the z-axis over a

o f(z) lies entirely below the z-axis over a
<2 <b is 5 units?.

e The total area between y = f(x) and the z-axis over a < x < b is greater than 5 units.
e The total area between y = f(z) and the z-axis over a < x < b is less than 5 units2.

o The area enclosed by y = f(z) above the z-axis is 5 units? greater than the area below the z-axis
over a <x <b

"] |THE AREA BETWEEN TWO FUNCTIONS

Consider two functions f(z) and ¢(z) where by
f(z) = g(z) forall a <z <b.

y=f(z)

The area between the two functions on the interval
a < x <b is given by

Proof:

If necessary, we translate each curve k units upwards until they are both above the z-axis on the interval
a < x < b. This has no effect on the area between the functions.

LY The area of the shaded region

b b
:/ [f(m)—l—k]dm—/ lo(z) + K] da

0 = b =

\j
Notice that if y = g(z) is negative on the interval between Yy
two x-intercepts a and b, we can let f(x) = 0 and hence y=g(@)
derive the formula we saw in the last Section:
, = f(z)=0
Area = / g(z) dux. - Ol a b - >
a
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428 Applications of integration (Chapter 17)

Example 5 «) Self Tutor
Find the shaded area: Since 2 —xz > 22 — 7z + 10 on the interval 2 < z < 4,
4
AY
y=2%— Tz +10 area—/2 ((2—:5)—(m2—7x+10))dx
\ ,
:/ (—x% + 62 — 8) dx
2
4
v 2 4 . | B 2
T 0 T —[_?4‘3% —8.’,E:|2
— (—% 4+ 48-32) — (~& + 12— 16)
11 it
i = 13 units
EXERCISE 17B
1 Find the shaded area:
LY b AY y=x
. yoL
=3 \/;
Q 5 ; -< : i -~
U=t 1 "O 1 4 z
2 a Find the coordinates of P and Q. Ay y=sinz
b Hence find the shaded area. N
p Q Y73

3 Find the shaded area:

]Y
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Applications of integration (Chapter 17) 429
4 a Sketch the graphs of y =22 and y = 3z on the same set of axes.
b Find the coordinates of the points of intersection.
¢ Find the area of the region enclosed by the functions.
5 a Sketch the graphs of y =/z and y = g on the same set of axes.
b Find the coordinates of the points of intersection.
¢ Find the area of the region enclosed by the curves.
Example 6 ) Self Tutor

Find the total area of the regions enclosed by f(z) = 23 — 4z and g(z) = 22 + 2u.

The graphs meet when 2 — 4z = 22 4 2z
oad—2®—6x=0
z(z? —x—6)=0
Lz +2)(z—-3)=0

the graphs meet when z = —2, 0, and 3.

Ly

g(z) =24 22

Total area

-2

0 3
—/ (m3—x2—6m)d:c+/ (—2® 4+ 2% + 6x) dx
—2 0

3

:[ﬁ_i_gxz]o +[_£+£+3mz]
4 3 72 4 3
= (0 (4+§-12) + (-3 +9+27-0)

=16 4 63
=3 3

0

g1l 2
_2112 units

6 The graphs of f(r) = 2% —52% +4 and 4
g(z) = 22? — 10z + 4 are shown alongside. /
a Find the coordinates of A, B, and C. -

o
|y

= / ((a;3 —4x) — (2® + 23:)) dz —1—/0 ((ac2 +2x) — (2% — 43:)) dx

[\)

b Y
A .
\ g(x)=2x"—10x+4 4 C

(6]
b Find the total area enclosed by the curves.

¥

Y

f(x) =235z +4
y

7 Find the total area enclosed by the graphs of f(z) = 2% —

© HAESE MATHEMATICS - SAMP
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10

11

12

The graphs of y = and y = k(x —1)? meet at

T+
the y-axis as shown.

y=k(z—1)? a Find the value of k.

1 b Find the area of the shaded region.

r=-2 v

The gr

are shown alongside. The graphs meet at A. B is a
minimum turning point, and the vertical line through B

meets

a Show that the line AC is a tangent to the curve

Y

b Find the coordinates of B.
¢ Find the area of the shaded region.

>
X

aphs of y =4z +1 and y = 2% —42? + 42 + 1

y=4r+1 atC.

=z% — 42?2 +4x+ 1 at A.

¥ Find the shaded area.
y=8x
v="5
T y=ux
> S =
Y
Consider the graphs of f(z) = 22+ 3z — 4 and , 5 AY
9 f(z)=a"+3x—4
g(z) = -z —x+2.
a Find the coordinates of P and Q. B /-\ Q X
b Find the area of the shaded region. ) 0 5
¢ Show that the straight line PQ divides the shaded region
in half. P
glz)=—2%—2+2
14 \/
by a Show that the shaded region has area 4 units?.

b What percentage of the shaded region lies above

yy' the z-axis?

Y

y:\/gsinw
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Applications of integration (Chapter 17) 431

13 The graph alongside shows the tangents to the curve AY
y=>5x—x% at A(0,0) and B(4, 4).
Find the area of the shaded region.

y=>5r—22 \B

A -
1 \3:
\j
14 AY 1 The tangents to y = ﬁ —1 at P and Q pass through
| y=5—7—=5— 1 T —
2z =3 the origin. Find the total area of the shaded regions.
- O : ;
L Q
Pl
\j ;

DISPLACEMENT AND DISTANCE

In Chapter 15, we saw that the velocity v(¢) of an object is the derivative of its displacement s(¢), so
v(t) = $§'(t).

The change in displacement of an object from time ¢ =1¢; to ¢ =1y is therefore

to
s(ta) — s(ty) = / s'(t) dt {Fundamental Theorem of Calculus}

ty

- /t ’ u(t) dt

If v(t) maintains the same sign in the interval t; < ¢ < t3, then the object does not change direction.

Suppose an object travels with velocity function v(¢).

e If v(t) >0 on the interval ¢; <t < to, v o(t)
ta
distance travelled = / v(t) dt \/
t1 i !
= o ts %
o If v(t) <0 on the interval ¢; <t < to, TU
to - t1 ta
distance travelled = — / v(t) dit 0 .
t1 ] i
—i
v(t)
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